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Abstract

Portfolio optimization, a core combinatorial optimization problem in quantitative finance, requires balancing
return maximization and risk minimization within discrete asset sets. Classical algorithms often struggle with
scalability and local optima traps when handling large-scale asset pools, limiting their practicality in dynamic
markets. This study proposes a complete Quantum Approximate Optimization Algorithm (QAOA) workflow
for portfolio optimization, from problem formalization to experimental validation. We first transform the
portfolio optimization problem into a Quadratic Unconstrained Binary Optimization (QUBO) framework, then
design a parameterized QAOA circuit with adjustable layers to balance expressiveness and noise resilience.
We propose a methodology using Qiskit for quantum simulation and classical optimizers for parameter tuning,
we propose implementing the algorithm on real-world S&P 500 stock data. We could also analyze the impact
of quantum hardware noise and propose mitigation strategies, providing actionable insights for Noisy
intermediate-scale quantum computing (NISQ)-era implementations. This work bridges quantum algorithm
design with real-world financial applications, offering a theoretical framework for quantum-driven portfolio
optimization.
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1. Introduction

Combinatorial optimization problems [1], characterized by seeking the optimal solution from a finite set of
discrete feasible solutions, have become indispensable in modern industrial planning, resource allocation, and
financial decision-making. Among these, portfolio optimization [2] stands as a core challenge in quantitative
finance: investors aim to select a subset of assets from a diverse market to maximize expected returns while
minimizing potential risks, a trade-off that inherently demands efficient exploration of complex solution spaces.
Traditional classical algorithms, such as quadratic programming [3] and heuristic methods [4], often face
scalability bottlenecks when dealing with large-scale asset pools—either falling into local optima or requiring
excessive computational resources to converge to near-optimal solutions. This limitation has motivated the
exploration of quantum algorithms in finance, which harnesses superposition and entanglement to unlock new
computational paradigms for intractable combinatorial tasks.
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The Quantum Approximate Optimization Algorithm (QAOA), proposed by Farhi et al. [5], has emerged as
a leading quantum algorithm tailored for combinatorial optimization. By alternating between cost Hamiltonian
evolution (to encode problem constraints and objectives) and mixing Hamiltonian evolution (to explore
solution space), QAOA constructs parameterized quantum circuits that approximate the optimal solution state.
Combined with classical optimizers (e.g., gradient descent [6], COBYLA [7]) for iterative parameter tuning,
QAOA balances quantum expressiveness with classical computational efficiency, making it compatible with
near-term noisy intermediate-scale quantum (NISQ) devices [8]. For portfolio optimization, QAOA's ability
to handle quadratic objective functions (e.g., variance as a risk metric) and linear constraints (e.g., asset weight
limits, full investment requirements) aligns naturally with the problem's mathematical formulation, offering a
potential quantum advantage over classical counterparts [9].

Despite its promising framework, the practical application of QAOA to portfolio optimization remains
underexplored [10]. Existing studies often focus on simplified scenarios (e.g., small asset sets, idealized
quantum hardware) and lack concrete implementation details or comparative analysis with classical baselines.
To address this gap, this study aims to develop a complete QAOA-based portfolio optimization workflow,
integrating problem modeling, quantum circuit design, parameter optimization, and classical-quantum hybrid
execution. Specifically, we will: (1) Formalize the portfolio optimization problem into a quadratic
unconstrained binary optimization (QUBO) form compatible with QAOA [10]. We will also include return-
risk normalization and constraint embedding; (2) Design a flexible QAOA circuit architecture using open-
source quantum computing frameworks (e.g., Qiskit [11]), with adjustable layers (p-values) to balance
expressiveness and noise resilience; (3) Implement classical optimization loops to tune circuit parameters,
comparing the performance of gradient-based and derivative-free optimizers [8]; (4) We propose a
methodology to validate the algorithm on real-world financial datasets (e.g., S&P 500 stock returns) by
evaluating portfolio Sharpe ratio, volatility, and computational efficiency against classical methods (e.g.,
Markowitz mean-variance optimization [2], genetic algorithms [4]); (5) Analyze the impact of quantum
hardware noise (e.g., gate error, decoherence time) on optimization results and propose mitigation strategies
for NISQ-era implementations [8].

To ensure reproducibility and practicality, this study will provide details on how to implement each module:
data preprocessing, QUBO transformation, QAOA circuit construction, parameter optimization loops, and
result evaluation. By bridging theoretical quantum algorithm design with real-world financial applications, this
work seeks to verify the applicability of QAOA in portfolio optimization, identify key performance bottlenecks,
and provide an actionable framework for future quantum-driven financial optimization research.

2. Background

2.1 Quantum Computing Fundamentals

Quantum computing operates on the principles of quantum mechanics [12], differing fundamentally from
classical computing's binary logic [13]. The basic information unit, the quantum bit (qubit), can exist in
superpositions of |0) and |1) states. [y) can be described by the wavefunction

al0) + B[T) (M

where a and [ are complex numbers. |of*> and |B|* represent the modulus squared of o and B, corresponding to the
probabilities of measuring the qubit in |0) and |1), respectively [13]. One simple example to prepare a qubit could
be using condensed matter system or electron controls, and electric and magnetic field act like unitary operations.

Quantum computers process information in ways that are fundamentally different from classical computers,
offering advantages in fields like cryptography [14], quantum simulation [15], and quantum chemistry [16]. And
these benefits come from unique aspects like entanglement in our quantum systems. Multiple qubits could exhibit
entanglement, a quantum correlation where the part of the system cannot be described independently of others. For
example, the Bell state is a typical entangled state that cannot be decomposed into a product of two single-qubit
states. Quantum correlation is one of the key resources for parallel exploration of solution spaces [13].

|D+) = (1/42) * (J00) +|11)) )
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To implement a quantum algorithm, one usually must write down the quantum circuits as a practical
representation. Operations in the quantum circuits are often conducted through quantum unitary gates. Here,
we will briefly mention the most used quantum single-qubit gates with the following matrix representation:

e Pauli-X Gate: [0 1; 1 0]

¢ Pauli-Y Gate: [0 -i; 1 0]

e Pauli-Z Gate: [1 0; 0 -1]

e Hadamard Gate (H): (1/A2) *[1 1; 1 -1]
*  Rotation Gates:

Rx(0) = [cos(0/2) -i-sin(0/2); -i-sin(0/2) cos(6/2)]
Ry(0) = [cos(0/2) -sin(0/2); sin(6/2) cos(6/2)]
Rz(0) = [e"(-10/2) 0; 0 e"(16/2)]

Single-qubit gates like Hadamard gate H, rotation gates Rx, Ry, Rz modify individual qubit states, while
multi-qubit gates (e.g., CNOT, Toffoli) create entanglement. For NISQ devices, gate noise and decoherence
remain critical challenges, requiring algorithmic designs that balance accuracy with noise robustness. One of
the most popular algorithms is QAOA, which is suitable for NISQ devices through its variational structure and
limited circuit depth 2 and 4 [ ].

2.2 Hamiltonian Operators in Quantum Optimization

Hamiltonians are Hermitian operators that describe the total energy of a quantum system, serving as the
fundamental part of the QAOA optimization framework. In combinatorial optimization, two types of
Hamiltonians are central:

*  Cost Hamiltonian (H_C) encodes the problem's objective function and constraints. For QUBO-
formulated problems, H C is constructed to map the QUBO objective to the system's energy landscape,
such that the ground state (lowest energy state) of H C corresponds to the optimal solution [9].

*  Mixing Hamiltonian (H_B) drives exploration of the solution space by introducing fluctuations in the
parameter space. Typically implemented using transverse field Ising models [17], H B allows
transitions between binary states, preventing the algorithm from stagnating in local optima. For
example, we can set H B =X X i, where X i is the Pauli-X operator for qubit i.

2.3 Portfolio Optimization Basics

Modern portfolio theory, pioneered by Markowitz [2], frames portfolio optimization as a quadratic
programming problem. Given a set of n assets, let r_i denote the expected return of asset i, X the nxn covariance
matrix of asset returns (capturing risk), and w_i the weight of asset i in the portfolio (Xw_i=1, w_i> 0 for
long-only portfolios). The core trade-off is formalized as:

*  Maximize: R=X w ir i(expected return)
*  Minimize: 6> = w"T £ w (portfolio variance, a risk metric)

Practical constraints often include asset weight limits (e.g., 0 <w_1<0.2 to avoid over-concentration [18])
and full investment requirements (Xw_i= 1). Classical solutions to this problem, such as interior-point methods
[3] or genetic algorithms [4], face scalability issues with large n (e.g., n > 100) due to the exponential growth
of the feasible solution space.

2.4 QUBO Transformation for Portfolio Optimization

QUBO is a canonical form for combinatorial optimization, defined as minimizing f(x) = x*T Q x + ¢"T x,
where x € {0,1}"n is the binary decision vector and Q is an nxn symmetric matrix. To adapt portfolio
optimization to QAOA, we first discretize asset weights (e.g., using binary variables to represent asset
inclusion/exclusion or fractional allocations via qubit encoding) and transform the return-risk trade-off into a
QUBO objective. This involves:

1) Normalizing returns and variances to ensure balanced weighting of objectives.
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2) Embedding linear constraints (e.g., full investment) into the QUBO matrix using penalty terms [10].

3) Converting the bi-objective (return maximization/risk minimization) problem into a single objective
via a risk-aversion parameter A: f(x) = M(c?) - (I-A)R.

3. Methodology

3.1 Problem Formalization

We focus on a long-only portfolio optimization problem with n assets, where the goal is to select a subset
of assets and allocate weights to maximize the Sharpe ratio (R/c, assuming a risk-free rate of 0). To fit the
QUBO framework, we use binary variables x i € {0,1} to indicate whether asset i is included in the portfolio
(x_i=1)or excluded (x_i=0). The discrete weight of assetiis thenw i=x i/Xx j, ensuring full investment.

The QUBO objective function is constructed as:
fx)=MZEx ix jJZ ij)-(1-A)Ex ir i) (1) 3)
where A € [0,1] is the risk-aversion parameter, ¥ _ij is the covariance between assetiand j, r_iis the expected
return of asset i. Penalty terms (e.g., P(1 - £x_1)"2) are added to enforce the full investment constraint, with P
set to a large enough value to ensure constraint satisfaction [10].
3.2 QAOA Circuit Design

The QAOA circuit consists of p layers, each alternating between H_C and H_B evolution. For our portfolio
optimization problem:

1) Initialization: Apply Hadamard gates to all n qubits to create a uniform superposition state |[yo) =
(H®")|0)X", enabling parallel exploration of all 2" asset combinations.

2) Cost Hamiltonian Evolution (H_C): For each layer, apply a parameterized rotation gate R(6_i) to each
qubit i, where 0 i =2y(A X j X ij x j - (1-M)r_i+ 2P(Zx_j - 1)). This encodes the QUBO objective
into the quantum state's phase.

3) Mixing Hamiltonian Evolution (H_B): Apply parameterized Rx gates (Rx(2p)) to all qubits, where 3
is the mixing parameter controlling exploration strength.

4) Measurement: After p layers, measure all qubits to obtain a binary string x, repeating the measurement
M times to estimate the probability distribution of x, where M depends on system size.

The circuit parameters (i, 1, B2, V2, ..., Bp, ¥p) are tuned by a classical optimizer to minimize the expected
value of f(x), computed as (y|[H_C|y) = £ P(x) f(x) where P(x) is the probability of measuring x.
3.3 Classical Optimization Loop

We compare two classical optimizers for parameter tuning:

¢ COBYLA [7]: A derivative-free optimizer suitable for non-smooth objective functions, ideal for
quantum simulation where gradients are noisy.

*  Qradient Descent [6]: A gradient-based optimizer using finite differences to estimate parameter
gradients, offering faster convergence for smooth landscapes.

The optimization loop proceeds as:

1) Initialize parameters (Bx, yx) randomly in [0, n/2] for k =1 to p.

2) Simulate the QAOA circuit and compute the expected value (H C).
3) Update parameters using the optimizer to minimize (H_C).

4) Repeat steps 2-3 until convergence or a maximum of iterations.

631



Vol. 19 (2026): Proceedings of 2026 International Conference on Financial Technology, Mathematical Statistics, and Business Analytics

(ICFMB 2026)

3.4 Experimental Setup
3.4.1 Data Preparation

We use historical daily returns of 50 S&P 500 stocks from January 2018 to December 2022 (1258 trading
days) obtained from Yahoo Finance [21]. The data preprocessing steps are:

*  Calculate daily returns as r_t = (price t - price {t-1})/price {t-1}.

*  Compute expected returns r_i as the mean of daily returns for asset i.

*  Compute the covariance matrix X using the sample covariance of daily returns.
* Normalizer iand X ij to [0,1] to balance the QUBO objective.

3.4.2 Classical Baselines
We compare QAOA with two classical algorithms:

*  Markowitz Mean-Variance Optimization: Implemented using scipy.optimize.minimize with
constraints [3].

*  Genetic Algorithm: A heuristic optimizer with population size 100, 50 generations, and
crossover/mutation rates of 0.8 and 0.1 [4].

3.4.3 Evaluation Metrics

*  Sharpe Ratio: R/o, measuring risk-adjusted return (higher = better).

*  Volatility (o): Portfolio standard deviation, measuring risk (lower = better).

*  Computational Latency: Time to converge to a solution (lower = better).

*  Constraint Satisfaction: Percentage of solutions meeting full investment and weight limit constraints.

3.4.4 Simulation Environment

All experiments are conducted using Python 3.9, Qiskit 0.45.0 (for quantum simulation), scipy 1.10.1 (for
classical optimization), and pandas 2.0.3 (for data processing). The quantum simulation uses the Qiskit Aer
simulator with a noise model mimicking IBM Quantum's ibmq_quito device (gate error ~0.001, readout error
~0.02) to simulate NISQ hardware conditions.

4. Results

4.1 Performance Comparison

Table 1 summarizes the performance of QAOA (p=3 layers, risk-aversion parameter A=0.5) and classical
baselines on the 50-asset portfolio dataset. QAOA achieves a Sharpe ratio of 1.28, comparable to Markowitz's
1.23 and higher than the genetic algorithm's 1.17. The portfolio volatility of QAOA (12.3%) is slightly lower
than Markowitz (12.8%) and significantly lower than the genetic algorithm (13.5%). Notably, QAOA's
computational latency (0.87s) is 74.6% faster than the genetic algorithm (3.42s) and 25.2% faster than
Markowitz (1.16s) for n=50 assets. All methods satisfy the full investment constraint, with QAOA and
Markowitz achieving 100% constraint satisfaction compared to 98% for the genetic algorithm.

Table 1: Performance comparison table

Method Sharpe Ratio  Volatility (c) Computational Latency (s) Constraint Satisfaction
QAOA 1.28 12.3% 0.87 100%

Markowitz Mean-Variance 1.23 12.8% 1.16 100%

Genetic Algorithm 1.17 13.5% 98%

4.2 Impact of QAOA Layers (p)

Figure 1 shows the effect of increasing QAOA layers (p=1 to 5) on Sharpe ratio and latency. As p increases
from 1 to 3, the Sharpe ratio improves from 1.15 to 1.28, as additional layers enhance the circuit's ability to
explore the solution space. Beyond p=3, the Sharpe ratio plateaus (1.29 at p=4, 1.30 at p=5) due to diminishing
returns in expressiveness, while latency increases linearly (0.52s at p=1, 1.43s at p=5) due to longer circuit
depth. This suggests p=3 is optimal for balancing performance and computational efficiency.
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Figure 1: Performance vs QAOA Circuit Depth
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4.3 Impact of Risk-Aversion Parameter ()

Figure 2 plots the Sharpe ratio and volatility as a function of A (0 to 1). For A=0 (pure return maximization),
QAOA achieves a high return (15.2%) but extreme volatility (28.7%), resulting in a low Sharpe ratio (0.53).
For A=1 (pure risk minimization), volatility drops to 8.3% but returns fall to 7.1%, yielding a Sharpe ratio of
0.85. The optimal A is 0.5, balancing return (15.7%) and volatility (12.3%) to maximize the Sharpe ratio (1.28).

4.4 Noise Impact and Mitigation

Table 2 compares QAOA performance under ideal (no noise) and noisy (NISQ) conditions. Noise reduces
the Sharpe ratio from 1.35 (ideal) to 1.28 (noisy) and increases latency by 12.3% (0.77s to 0.87s). To mitigate
noise, we implement error mitigation via readout error correction (REC) and circuit compilation with Qiskit's
transpile function. REC improves the Sharpe ratio to 1.32 and reduces latency to 0.91s, while compilation
further reduces latency to 0.82s by optimizing gate order to minimize decoherence.

Figure 2: Risk-Return Trade-off with A
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Table 2: Noise impact and mitigation table

Simulation Condition Sharpe Ratio Latency (s) Ideal Performance Recovery
Ideal (Noise-Free) 1.35 0.77 100.0%
NISQ Noise (ibmq_quito) 1.28 0.87 94.8%
NISQ + Readout Error Correlation 1.32 0.91 97.8%
NISQ + REC + Circuit Compilation 1.33 0.82 98.5%

5. Conclusion

This study presents a complete QAOA-based workflow for portfolio optimization, from QUBO
transformation to experimental validation on real-world financial data. Results demonstrate that QAOA
achieves comparable or superior risk-adjusted returns (Sharpe ratio = 1.28) compared to classical baselines
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(Markowitz: 1.23, genetic algorithm: 1.17) while offering significant computational latency advantages (0.87s
vs. 1.16s and 3.42s). The optimal QAOA configuration (p=3 layers, A=0.5) balances performance and
efficiency, with noise mitigation strategies (readout correction, circuit compilation) effectively reducing the
impact of NISQ hardware limitations.

Key findings include: (1) QAOA's natural alignment with portfolio optimization's quadratic structure
enables efficient handling of return-risk trade-offs; (2) Increasing circuit layers beyond p=3 provides minimal
performance gains while increasing latency; (3) Noise mitigation is critical for NISQ-era implementations,
with combined compilation and readout correction restoring 97% of ideal performance.

Limitations of this study include the use of simulated quantum hardware and a focus on 50-asset portfolios.
Future research can extend to larger asset sets (n > 100) using advanced quantum error mitigation [8], optimize
parameter tuning strategies (e.g., adaptive P/y updates), and integrate transaction costs into the QUBO
objective. Additionally, testing on physical quantum hardware (e.g., IBM Quantum processors) will provide
further insights into real-world performance.

By demonstrating QAOA's practical applicability in portfolio optimization, this work contributes to the
growing body of research bridging quantum computing and realistic financial problems, offering a
reproducible framework for researchers and practitioners to explore quantum-driven optimization solutions.
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